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COEFFICIENT BOUNDS FOR REGULAR AND
BI-UNIVALENT FUNCTIONS LINKED WITH
GEGENBAUER POLYNOMIALS

Abstract. The main goal of the paper is to initiate and explore
two sets of regular and bi-univalent (or bi-Schlicht) functions in
D = {z € C: |z| < 1} linked with Gegenbauer polynomials. We
investigate certain coefficient bounds for functions in these families.
Continuing the study on the initial coeflicients of these families, we
obtain the functional of Fekete-Szegd for each of the two families.
Furthermore, we present few interesting observations of the results
investigated.
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1. Preliminaries. Let the set of complex numbers be denoted by
C, the set of normalized regular functions in ® = {z € C : |z| < 1} that
have the power series of the form

g(z):Z+d222+d323+_”:Z_|_Zdjzj, (1>
j=2

be denoted by A and the set of all functions of A that are univalent in ®
be denoted by S. The famous Koebe theorem (see [5]) ensures that any
function g € S has an inverse g~ ! satisfying z = ¢7'(g(2)), w = g(¢7 ! (w)),
lw| < 1o(g) and ro(g) = 1/4, z,w € D, where

g w) = f(w) = w—dow? + (2d3 — ds)w?® — (5d3 — 5dads +dy)w* +. .. (2)

A function g of A is said to be bi-univalent (or bi-schlicht) in ® if g
and its inverse g~ are both univalent (or schlicht) in ®. The set of bi-
univalent functions having the form (1) is indicated by . Investigations
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of the family ¥ begun five decades ago by Lewin [9] and Brannan and
Clunie [4|. Later, Tan [11] found the initial coefficient bounds of bi-
univalent functions. Moreover, Brannan and Taha [3] presented and in-
vestigated certain subsets of ¥ similar to convex and starlike functions
of order o (0 < 0 < 1) in ®. Some interesting results concerning initial
bounds for certain special sets of ¥ have appeared: [7| and [10].

Let the set of real numbers be R = (—00, 00) and the set of positive
integers be N := No\{0} = {1,2,3,...}.

Recently, Kiepiela et al. [8] have examined the Gegenbauer polyno-
mials (or ultraspherical polynomials) Cf(z). They are orthogonal poly-
nomials on [-1, 1| that can be defined by the recurrence relation

20(j + o — DO () — (4 + 20 = 2)CF »()

J
Ci(z) =1, C}(x) = 2ax

Cj(x) = : (3)

where j € N\{1}. It is easy to see from (3) that C§(z) = 2a(1+a)z? —a.
For a € R\{0}, a generating function of the sequence Cf(z), j € N, is
defined by (see [1]):

1
(1 —2zz + 22)’

Holz,2) = ZC;“(Q:)ZJ = (4)

where z € ©® and z € [-1,1].
Two particular cases of C¢(z) are i) C}(z): the Chebyshev polynomi-

als of the second kind and i) C;

[NIE

(x): the Legendre polynomials (see [2]).

In the literature, the estimates on |dsy|, |d3| and the famous inequali-
ty of Fekete-Szego were determined for bi-univalent functions linked with
certain polynomials like (p, ¢)-Lucas polynomials, second kind Chebyshev
polynomials, Horadam polynomials and Gegenbauer polynomials. It is
well-known that these polynomials and other special polynomials play a
potentially important role in the approximation theory, statistical, physi-
cal, mathematical, and engineering sciences.

The recent research trend is the study of bi-univalent functions linked
with any of the above mentioned polynomials. However, there has been
little work done on bi-univalent functions linked with Gegenbauer polyno-
mials. To initiate and explore the study on bi-univalent functions linked
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with Gegenbauer polynomials, we present two special families of 3 sub-
ordinate to Gegenbauer polynomials Cf(x) as in (3) with the generating
function (4).

For regular functions g and f in ®, g is said to subordinate to f ,
if there is a Schwarz function v in ®, such that ¢(0) = 0, | (2)] < 1,
and g(z) = f(¢¥(2)),z € ©. This subordination is indicated as g < f or
g(z) < f(2). Specifically, when f € S in ®, then g(z) < f(2) is equivalent
to g(0) = £(0) and ¢(D) © (D).

Inspired by the recent articles and the new trends on functions € >, we
present two families of 3 associated with Gegenbauer polynomials C§(x)
as in (3) with the generating function (4).

Throughout this paper, an inverse function ¢g~!(w) = f(w) is as in (2)
and H,(z, z) is as in (4).

Definition 1. A function g in ¥ having the power series (1) is said to

be in the family S&$(z,v,1n), 0 < v <1, u>0,1/2 <z <1, and a a
nonzero real constant, if

zg'(2) + pnz*g"(2)

v9(2) + (1 —7)z

< Ha(z,2), 2€D

and
wf (@) + e " ()
f(w) + (1 =7y
The above defined family S&%(x, v, 1) is of special interest, for it
contains new subfamilies of . for particular values of v and p, as illustrated
below:

1. SK&(x,v) = S6%(x,,0) is the set of functions g € ¥ satisfying

wf'(w)
(W) + (1 =7)w

< Holz,w), weD.

2g'(2)
v9(2) + (1 —7)

. < Haolz, 2), < Holz,w), z,w €D.

2. SLY(x,u) = S6%(x,0, p) is the family of functions g € ¥ satisfying
g (2) + pzg" (2) < Ho(z,2), [fl(w)+pwf"(w) < Haolr,w), 2,0 €D.

3. SMa(z, n) = S6%(x, 1, 1) is the class of functions g € ¥ satisfying

(L(Z)) L ('Zg_(z)> < Holr,2), z€D

9(2) 9(2)
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and

() +e () <tz wen

Definition 2. A function g € ¥ having the power series (1) is said to
be in the family SB%(z,v,7), 0 <y <1, 7> 1,1/2<z < 1,and o a
nonzero real constant, if

2lg' (=)
v9(2) + (1 —7)z < Halz,2), 2€D

and
wlf'(w)]"
Vf(w)+ (1 —7w
Note that the certain choices of v lead the family S®B%(z, v, 7) to the
following two subclasses:
1. SP3(z,7) = SBL(x,0,7) is the set of functions g € ¥ satisfying

<G(r,w), weD.

[ ()] < Halz,2), 2€D and [f'(w)] < Holz,w), weD,

2. SN (x,7) = SBX(x, 1,7) is the class of functions g € ¥ satisfying

Wl (W)]”

< Ho(z,2), 2€® and ———— < Ha(r,w), weD.

fw)

Remark 1. Note that
i) SB%(z,7,1) = SK&(z,7),

ii) SN (z,1) = SK&(z,1) = SME(x,0),

iii) SP3(x,1) = SK&(z,0) = SLE(z,0).

In Section 2, we derive the estimates for |ds|, |d3| and the inequality of
Fekete-Szego (6] for functions of the form (1) in S&E(z, vy, ). Interesting
consequences of our result are also presented. In Section 3, we derive the
estimates for |dg|, |d3| and the inequality of Fekete-Szego for functions of
the form (1) in SBS(z,7, 7). A few interesting consequences of the result
are mentioned.
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2. Estimates for the function family S&(x,~, ). In the
following theorem, we determine the initial coefficient bounds and the
inequality of Fekete-Szego for functions in S&%(x, v, i).

Theorem 1. If the function g € S&%(x, v, 1), then

|da| < 2|alzv/2z )
\/|(2(M +1)—=7)2(1—222) + 2((y—1)2 — 4p(p — 1) + 1)ax?|
4o’ x? 2|2
ds] < Qu+1)—7)?2  (B2u+1)—7) (6)
and, for 6 € R,
|d3 — dd5| <
2|z R
< BRpt+1) =) ‘18_ 5|3T1 —§|
|(2(p+1)—7)2(1—222)+2((y—1)? 4N(M_1)+1)Oél'2|7 11 -0 >3,
where
5o |t D) =21 = 20%) + 2oy = VP — (e = ) + Daa?|

432+ 1) — v)aa?

Proof. Let g € S&%(x, 7, 1). Then, for two regular functions 9%, M with
MO) = 0, |M(2)] < 1, NO) =0 and N(w)| < 1, z,w € D, and on
account of Definition 1, we can write

2g'(2) + p2*g"(2)
) =) = Hao(z, M(2)),

)

)+
wf'(w) + pe? f(w)

V(W) +

w)+ (1 —7)w

or, equivalently,

2g'(2) + p2*g"(2)

Y9(2) + (1 =7)z

wf'(w) + pw’ f"(w)
(W) + (1 —=7y)w

=14 C¥z) + Cg(z)m(2) + C(x)(m(2))* + ..., (9)

=1+ Cf(x) + C(x)n(w) + C§ () (n(w))* +... (10)
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From (9) and (10), in view of (3), we find

2g'(2) + pz*g"(2)
v9(2) + (1 —7)z

wf'(w) + pw?f"(w)
(W) + (1 = 7w

It is well known that if [D(2)] = [myz + mez? + mz2® + ... | < 1, 2 € D,
and M(w)| = [mw +now? +nzw? +...] <1, weD, then

=14+ C¥2)myz + [CY(z)my + O (z)m3]2% +..., (11)

= 1+ C¥x)mw+ [CH(x)ng + C¥(x)nd|w? +... (12)

im;| < 1and |n;| <1(i € N). (13)

We easily get the following by equating the corresponding coefficients in
(11) and (12):

2(p+1) = v)dy = CY(z)my, 14

(14)
(B2u—+1) —y)ds — (2(u+ 1) — )y d3 = C}(x)my + C5'(x)mi,  (15)
— 2(p+1) =) dy = CF (z)ny, (16)
—(3(2pu+1)—7)ds+(v*=2(p+2)7+6(2u+1))d3 = CF (2)no+C5 (x)nf. (17)

It follows easily from (14) and (16) that

17

m; = —n (18>
2(2(p+1) —7)%dy = (m} +ny)(CT(2))”. (19)
If we add (15) and (17), we obtain

207" = (2u+3)y+3(2n+1))d3 = C7 (z)(mz + 1) + CF () (m] +n7). (20)
Substituting the value of m? 4+ n? from (19) in (20), we get

(Cf(x))*(ms + na)
2[(7* = (2p+3)7+3(2p+1))(C7(2))* = (2(n + 1) —=7)*C5 (x))

which yields (5) on using (13).
After subtracting (17) from (15) and then using (18), we obtain

ds =

N

2 CP(r)(mg —ny)
S T (22)
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Then, in view of (19), equation (22) becomes
(CF(x))*(mi +nf)  CF(x)(my — ny)
2(p+1) -7 2B@p+1)—9)

which yields (6) on applying (13).
From (21) and (22), for § € R we get

ds =

s e 1
s = 6d3] = 107 @) (T6. ) + 535, 1y— )™t
1
* (T(é’ Y BT = 7)>“2 ’
where
T(5,2) = (1-90) (Cla(x))Z

2[(v*=2p+3)y +32p + 1)) (C7(#))? = (2(n + 1) — )?C5(x)]
In view of (3), we conclude that
|ds — dd3| <
CT ()] 1
By PSS mEgn =y
21T ()| T(6, )], [T(0,z)] = BT =)

which gives (7) with J as in (8). Thus, the proof of Theorem 1 is com-
pleted. [J

Setting 4+ = 0 in Theorem 1, we obtain
Corollary 1. If the function g € SK&(z,7), then

2|alzy/22
V12 =721 = 20%) +2((y = 1)* + Daz?]

|da| <

40%2?  2lalx
2-7)? 3-9

|ds| <
and for some § € R,
2|alz

s —sd2| < 4 B

|1 —0| < &,
8az? |1 — 4|
(2 =7)2(1 = 22)* +2((y = 1)* + Daw?|’
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where

(2 —79)2(1 —22%) + 2((y — 1)* + 1)ax?

4(3 = vy)ax? '
Remark 2. Corollary 1 reduces to Corollary 8 and Corollary 9 of
Amourah et al. [2], when v =1 and v = 0, respectively.

& =

Letting v = 0 in Theorem 1, we have

Corollary 2. If the function g € SL(x, ), then

] < ||z 2z
VI + 12010 = 22%) = 2u(p — 1) = Dau?|
2,.2
ds] < o’x 2|
(L+1)2 3(2u+1)
and for 0 € R,
2|
o 10 <&y,
3 2= 20223 |1 — 6| 1-4>

(e 4 1)2(1 = 22%) — (2p(p — 1) — Da?|” -

where

(1 +1)%(1 = 22%) — (2p(p — 1) — 1)aa?
3(2n + 1)ax? '
Remark 3. For u =0, Corollary 2 coincides with Corollary 9 of [2].

6, =

Allowing v = 1 in Theorem 1, we get
Corollary 3. If the function g € SM&(x, p1), then

] < 2|a|xv/ 2z
G DR = 22%) = 20k — 1) = Daa?]
dy| < 4a’x? N la|x
TN Qu+1)2 T Bu+1)

and for § € R,

o .

= 1= <
S (Bu+1)

|ds—dda| < 8alx3 |1 — |

— > ~
@0+ D21 = 20%) — 20— D) = Dozl 1172 I
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(2p+1)*(1 — 222) — 2(4p(p — 1) — 1)a?

8(3u + 1)ax? '
Remark 4. We obtain Corollary 8 of [2] from Corollary 3, when p = 0
(Also see [1]).

3. Estimates for the function family S%B%.(z,7,7). In the next
theorem, we find the first two Taylor-Maclaurin coefficients and the in-
equality of Fekete-Szego for functions in SB§(z, v, 7).

Theorem 2. If the function g € SB%(x,~,7), then

where J; =

] < 2‘0&‘1‘\/% | (23)
V1@ R0 = 2%) 1 202 + 27 — 7))
4(aw)? 2|
ds| < 24
S o= T e ) 2y
and for § € R:
2
(B‘a—lx)a |]' - 6| < Q7
_ 82 T=7
|d3 5d2|< |1—5|8a2:€3 |1_6|>Q
(27 = 7)2(1 — 22%) +2(72 + 2(1 — 7))ax?|’ ~
(25)

where
(21 —7)2(1 — 22%) + 2(v? + 2(7 — 7)) ax?

431 — v)ax?
Proof. Let g € SB%(x,v, 7). Then, for some regular functions 9t and N
such that MM(0) = 0, [M(2)] = [myz + mez? + mz2® +...| < 1,91(0) =0
and |N(w)| = [mw + naw? + nzw +...| < 1, 2, w € D, and on account of
Definition 2, we can write

z[g'(2)]
v9(2) + (1 —7)z
w[f'(w)]”

1f(w)+ (1 =y)w
Following the procedure similar to the proof of Theorem 1, one gets

Q:

=Ho(z,M(2)), z€D,

=Ho(z,Nw)), weD.

(27 = 7)dy = CF (x)ma, (26)

(72 = 277 + 27(7 = 1))d3 + (37 — 7)ds = Cy(2)my + C (a)m?,  (27)
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— (27 = 7)dy = Ha(z)ny, (28)
(7" = 2(7 + 1)y + 27(7 +2))d3 — (37 — 7)ds = CF (x)nz + CF (x)n. (29)

The results (23)-(25) now follow from (26)—(29) by adopting the procedure
as in Theorem 1. [J

Putting v = 0 in Theorem 2, we get
Corollary 1. If the function g € SP&(x, ), then

|a\:c\/2:v a’r? 2)alz
|do| < |ds| € ——+ ——
VT2 (1 = 222) 4 Taa?]’ T 37

and for some § € R,

2'§‘|x7 -6 < | _§x2)2+ o)

T ax

ds—8d3| <

lds=0d 1 — 6| 8a’z? 1-6> ‘7(1—29&2)—1—04:162
1472(1 — 222) + draa?|’ - 3ova?

Remark 5. Corollary 1 coincides with [2, Corollary 9], when T = 1.
Taking v = 1 in Theorem 2, we get
Corollary 2. If the function g € SNE(x, 7), then

] < 2|oz|x\/2x ds] < 4o’ a? N 2|alx
e —22%) +2(2r — Daa?| (@r—12 (37-1)
and for ¢ € R:
2
2 T —=
|d3—5d2|< |1—5|8042{L‘3 |1_5| >Q5
(27 — 1)2(1 — 222) + 2(27 — 1)aa?|’ -
where

(27 — 1)%(1 — 22?) 4+ 2(27 — 1)ax?
437 — 1)aa?
Remark 6. Corollary 2 reduces to Corollary 8 of [2], when T = 1.

6, =

4. Conclusion. Two special families of regular and bi-univalent
(or bi-schlicht) functions linked with Gegenbauer polynomials are intro-
duced and explored. Bounds of the first two coefficients |ds|, |d3| and the
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celebrated Fekete- Szeg6 functional have been fixed for each of the two
families. Through corollaries of our main results, we have highlighted
many interesting new consequences.

The special families examined in this research paper and linked with
Gegenbauer polynomials could inspire further research related to other
aspects, such as families using ¢-derivative operator, g-integral operator,
meromorphic bi-univalent function families associated with Al-Oboudi dif-
ferential operator, and families that use integro-differential operators.

Acknowledgment. We appreciate editorial board and the reviewer for
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