
 

 
 
 

 
 

 
1. INTRODUCTION 

Nowadays, the energy consumption in cities is mostly 

satisfied by fossil-fuelled power plants [1]. This large 

dependence on fossil fuels is responsible for a significant 

amount of CO2 emissions that are forecasted to increase in the 

near future [2]. In support of national and European policies 

pointing to the emissions reduction [3], local authorities are 

committed to address the transition towards more sustainable 

energy systems. In light of this, the introduction on urban 

territories of renewable based energy systems, such as the 

Distributed Energy Systems (DESs), is acknowledged as a 

cost-effective solution to move away from the fossil fuel 

dependence. Indeed, DESs offer, on one side, a clean 

alternative to the traditional energy production and, on the 

other side, afford to achieve the energy self-sufficiency of 

installers.  

The insertion of distributed energy systems gives rise to the 

chance for installers to sell the produced energy and this 

possibility results, de facto, in a network of energy distribution 

[4].The insertion of DESs on urban territories also paves the 

way for the assessment of the impact that the decentralized 

production has on the centralized supply in terms of cost of the 

energy delivered to consumers. 

This paper develops a methodology based on a cost analysis 

for the minimization of the energy supply from the traditional 

centralized power plants when a network of distributed energy 

systems is constituted within the urban territory.  

The rest of the paper is structured as follows. Section 2 

provides a literature review of the researches dealing with the 

mentioned issue. The model is introduced in Section 3 and a 

numerical case study is discussed in Section 4. Finally, Section 

5 provides the conclusions.   

2. LITERATURE REVIEW 

Many scientific contributions deal with the issue of the 

insertion of DESs within urban areas. Yet, some authors cope 

with the cost analysis of the energy distribution by focusing on 

the design of DESs. 

Along this issue, Yang et al. [5] present a mixed integer 

linear programming (MILP) model for the optimal design of 

DESs for the minimization of the annual cost for investing, 

maintaining and operating the system. The model is tested for 

a network of four buildings that may interact in order to 

exchange the own produced energy. Ren et al. [6] handle the 

same issue and combine the minimization of the energy costs 

with the minimization of the emissions. However, they do not 

consider the possible energy interactions among consumers, 

but rather they merely plan to sell the produced energy directly 

to the public utility grid. 
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Other authors consider in their works the analysis of energy 

cost deriving from the supply mix of renewable and non-

renewable energy [7, 8 and 9].  

In this direction, the paper of Stich et al. [10] provides a 

power supply optimization model for the cost-effective 

integration of renewable-based energy systems. 

Bandyopadhyay et al. [11] introduce a pinch analysis based 

method to find the optimum mix between the renewable and 

non-renewable energy based systems. Both contributions [10, 

11] consider a potential grid extension, but not involve 

consumers in the distribution. Moreover, they do not insert 

sale scenarios in the cost analysis and mainly focus on the cost 

saving of the energy supply.  

A more enlarged vision is proposed in the work of Rasid et 

al. [12]. The authors analyze the cost reduction that is achieved 

by replacing the power from fossil fuel-consuming grid 

generators with renewable-energy distributed generators. The 

fossil fuel cost saving is evaluated as the expected value due 

to the renewable output uncertainty.  

The cited works mainly deal with either the cost analysis of 

DESs or of renewable and non-renewable energy mix. They 

do not evaluate the network of energy distribution that derives 

from the installation of DESs and, therefore, from the chance 

of consumers to sell the own produced energy. Nevertheless, 

among the proposed literature, the paper of Yang et al. [5] 

considers the sale among consumers. Anyway the study is 

conducted for a small network that cannot be compared to an 

urban neighborhood. 

In addition to these considerations, the impact of those 

energy interactions on the minimization of the energy supply 

deriving from the centralized power plants is not considered.  

The insertion of DESs requires a comprehensive evaluation 

of both the energy interactions that may occur among installers 

for the sale of the own produced energy and the impact that 

those interactions have on the traditional energy supply. Hence, 

proper mathematical models need to determine whether DESs 

are not only a green alternative to fossil energy, but also able 

to reduce the dependence on fossil-fuelled power plants.  

The mathematical procedure introduced in this paper 

models the energy distribution among consumers as a complex 

network. In particular, nodes stand for consumers with both a 

given energy demand and the chance to install DESs. Links 

represent the connections that are responsible for the energy 

exchanges among nodes. The model is framed within a linear 

programming model and the objective function aims at finding 

the optimal configuration of the links that ensures the 

minimization of the energy provided from the power plant in 

terms of cost of the energy supply. A proper index is then 

introduced to evaluate the rate of connections between the 

power plant and each consumer after the installation of DESs.  

3. THE MATHEMATICAL MODEL 

The traditional energy distribution system is centralized, 

that is, the power plant provides energy to requesting 

consumers. This configuration changes when consumers 

install autonomous energy production systems. Indeed, the 

production of energy enables the possibility to distribute it. To 

model such a configuration of the energy exchanges, the 

complex network theory comes to the aid [13]. 

 Two main elements are involved in the model; a set of 

( 1)N  nodes and a set of links. Nodes represent the N 

consumers that may potentially install energy production 

systems, and the power plant, whilst links model the eventual 

energy exchanges among nodes. The power plant is labeled as 

1i  and is hereinafter defined as central node to distinguish 

it from the other nodes of the network. Nodes may be 

identified as apartments, buildings or neighborhoods 

depending on the level of detail of the study. They are 

connected through a link on the ground of a threshold distance 

d , defined as the maximum admitted distance below which 

consumers may exchange energy. This criterion is not applied 

to the central node; indeed, each node is connected with the 

central node notwithstanding the distance.  

Each node 2,..., 1 i N  is characterized by an energy 

demand 
iD  and an eventual energy production 

iP . The energy 

produced by each node aims primarily to satisfy the node own 

energy demand and, secondly, to distribute the energy excess 

to the connected nodes. In order to determine if a node requires 

energy to satisfy its energy demand or if it has energy to 

distribute, the energy surplus parameter is introduced as 

 

, 2,..., 1    i i iS D P i N                                                  (1) 

 

The energy surplus parameter in Eq. (1) determines if the 

node i belongs to the set of destination nodes, D SET , or to 

the set of source nodes, S SET . In particular, 

- a destination node is characterized by a negative 

surplus, i.e. its energy demand exceeds its energy 

production and, in this case, the node needs to receive 

energy either from other nodes of the network or from 

the central node to meet its energy demand.  

- a source node has, instead, a positive surplus; in this 

case, the energy production of the node exceeds the 

energy demand and, therefore, after the satisfaction of 

its own energy demand, the node distributes the energy 

excess to other nodes.  

- Nil values of the energy surplus indicate that the energy 

production has totally equaled the energy demand of 

the node. 

The network is described through a matricial representation 

and expressed in the ( 1) ( 1)  N N  adjacency matrix 
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The elements of the adjacency matrix indicate whether a 

link has been established or not. In particular, they assume the 

values 

 

1,

0,


 


ij

if nodei and node j areconnected
a

otherwise
                         (3)   

                    

The elements of the diagonal are zeros, i.e. self-connected 

nodes are not feasible. Moreover, the elements involving the 

central node are 1, since each node is connected to it.  

The elements of the adjacency matrix A are updated to 

underline the direction of the energy surpluses; specifically, 

the exchanges follow the direction source node → destination 

node and not backwards. Therefore, 1ija  for the direction 
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i j , and, vice versa, 1 ija  when energy flows from 

j i . Nil values remain unchanged.  

The so defined network represents the starting topology of 

the energy distribution network, where nodes are characterized 

for being either destination or source nodes and links are 

established due to the distance criterion.  

The central node always displays a nil energy demand, 

1 0D , and is merely responsible for the supply. Obviously, 

when nodes do not install DESs, the central node is the sole 

supplier of energy. However, the insertion of DESs within the 

urban area configures a scenario of distribution among nodes 

that influences the supply of the central node. To study the 

impact of the DESs on the traditional supply, the problem is 

framed as a linear programming model with the objective to 

find the optimal energy exchanges among nodes for the 

minimization of the cost of the energy supply deriving from 

the central node. After the solving of the model, only those 

links that are effectively used for an energy exchange are 

maintained in the optimized network. 

The objective function of the model is, therefore, expressed 

as  

 

1 0

1 1min



j

j CN j

a

a e X                                                                  (4)                                                          

 

where 1 jX are the energy flows that the central node distribute 

to each node j of the network and 
CNe  is the cost of the energy 

supply from the central node. Each node of the network has to 

respect the following energy balance. 

 
1

1

( ) , 1,..., ( 1)




     
N

ij ij i

j

a X S i N i j                               (5) 

 

As constrain, the sum of the cost of both the energy supply 

from the central node and the energy from the neighboring 

nodes should be lower than the traditional cost of the demand. 

This is formulated as 

 
1

1 1

1
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2,..., ( 1)
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
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                                  (6)                                                         

 

where 
CNe  is the unitary cost of energy sold from the central 

node, nodese  is the unitary cost of the energy deriving from the 

nodes of the network and D SET is the set of the destination 

nodes. 

Moreover, the model imposes that all energy flows are non-

negative. 

 

0, , 1,..., ( 1),    ijX i j N i j                                          (7)                                                              

 

The optimization problem firstly establishes the network of 

energy exchanges among the nodes of the network and 

secondly evaluates the energy provided by the central node. 

The measurement of the supply from the central node is 

conducted in a double way: on one side by calculating the 

amount of the energy supplied and, on the other side, by 

determining which links are effectively used for an energy 

exchange.  

From a network design perspective it is interesting to figure 

out the impact of DESs on the supply of the central node. To 

the scope, the following index is introduced  

 
1

12






N

ii

index

links
CN

N
                                                       (7)                         

 

The index is expressed as the ratio between the links exiting 

from the central node that are used for the exchange and the 

total links exiting from the central node in the traditional 

centralized network. The denominator of the index in Eq. (7) 

corresponds to the number of nodes, since each node is 

connected through a link to the central node in the traditional 

energy distribution network. The 
indexCN varies within the 

interval  0,1  ; in particular, 0indexCN  means that the 

central node does not supply any node of the network. This 

result means that the DESs installed on territory are able to 

entirely satisfy the energy demands of the nodes.  Vice versa, 

for 1indexCN , the central node is still entirely responsible for 

the supply of energy to all nodes. This is true even when DESs 

are installed; indeed, the installed power is not sufficient to 

satisfy other nodes or is able to satisfy them only in part. 

Intermediate values indicate different rates of exploitation; 

however, as a general rule, the more small is 
indexCN , the more 

distributed is the network.  

4. NUMERICAL CASE STUDY AND DISCUSSION 

The mathematical model introduced in the previous Section 

is tested in a hypothetical urban territory of 1km2 with N=500 

randomly placed consumers connected on the ground of a 

threshold distance d, defined in the design stage. As an 

example, by setting d=50m as the distance of connection, the 

graphical representation of the case study area is exposed in 

Figure 1. In particular, Figure 1(a) displays the consumers as 

green squares and the admitted connections for the energy 

exchanges are indicated as red solid lines. In Figure 1(b) the 

connections with the central node, located in the bottom left of 

the space, are added and illustrated as blue dotted lines.  

 

 
 

Figure 1. (a) Connected nodes on the ground of the 

distance threshold d 
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Figure 1. (b) Connected nodes on the ground of the distance 

threshold d and connections with the central node 

 

The energy distribution network of Figure 1(b) represents 

the starting point to run the model.  

The energy demands of the nodes are varied within the 

interval [2 MWh, 7 MWh] according to a random uniform 

distribution [14]. Each node is considered as a potential 

installer of a DES and the total produced energy is expressed 

as a percentage of the total energy demand of the network, that 

is, the 50% of the energy production does not indicate that each 

node produces the 50% of its own energy demand, but rather 

that the sum of the energy produced by the installer nodes is 

the 50% of the total energy requirements of the network. The 

installation of DESs is randomly established.  

The connections among nodes are allowed in line with four 

chosen values, namely for 50,100,150 200d or m . 

Regarding the costs of the energy, they are assigned in 

accordance with Table 1 [15]. 

 

Table 1. Values of the energy cost parameters 

 

Energy costs /c kWh  

CNe  0.17 

nodese  0.10 

 

The model minimizes the energy provided from the central 

node and returns the values of the central node index indexCN . 

The values of the index indexCN obtained by varying the 

percentages of energy production and in correspondence with 

four different threshold distances are shown in Figure 2.  

The curves of Figure 2 have a similar trend independently 

of the considered threshold distance. The number of links that 

are responsible for the energy supply from the central node 

decreases for increasing values of the energy production 

percentages. More specifically, for percentages until the 20%, 

the central node index assumes the value 1indexCN , i.e. the 

installation of DESs that account for the satisfaction of the 20% 

of the total energy demand of the network does not affect the 

supply from the central node. Indeed, within this range of 

installed power, nodes mainly satisfy in whole or in part their 

own demands and do not have sufficient exceeds to distribute. 

When increasing the percentage of installed power, the index

indexCN decreases. Nevertheless, in correspondence with the 

100% of the energy production, i.e. for a percentage that 

potentially satisfies the whole demand of the network, the 

supply from the central node still remains significant. This is 

due to a twofold reason; on one side, the energy supply from 

the central node may be more convenient in comparison to the 

supply from the network (as in the case of several links 

exploited for the exchange and, therefore, a higher cost in fees). 

On the other side, the distance of connection poses limits to 

the distribution and, consequently, not all produced energy is 

effectively distributed.  

 

 
 

Figure 2. Trends of the indexCN
by varying the percentage of 

energy production in correspondence with four threshold 

distances 

 

 
 

Figure 3. Trends of the indexCN
by varying the number of 

nodes at the distance 
100d m

 for different values of the 

energy production percentages 

 

The indexCN index has been studied at varying the number of 

nodes of the network and the results are exhibited in Figure 3. 

As it can be observed from the figure, at a fixed energy 

production percentage the number of nodes does not impact on 

the supply from the central node, since the curves display an 

almost constant trend.  

5. CONCLUSIONS 

This paper proposes a cost analysis focused on the 

evaluation of the supply from the traditional fossil-fuelled 

power plant when distributed energy systems are inserted in 
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the territory. Consumers are modeled as nodes characterized 

by an energy demand and an eventual energy production. The 

power plant is considered as a special node, with nil energy 

demand and labeled as central node to distinguish it from the 

other nodes. Each node gains a connection with the central 

node whilst the connections among the nodes of the network 

are permitted on the ground of a distance criterion for which 

two nodes are connected if their spatial distance is below a 

chosen threshold.  

The model is constructed as a linear programming model 

with the aim to minimize the energy delivered from the central 

node in terms of cost of the energy supply. Moreover, to 

evaluate the impact that DESs have on the purchase from the 

power plant, a proper index is introduced to count the 

percentage of connections that are responsible for the supply 

from the central node in comparison to the traditional 

centralized configuration.  

The model has been applied to a hypothetical urban area of 
21km with 500N  randomly placed consumers and the 

discussion has been conducted by varying the percentage of 

installers and the distance of connection among nodes.  

The result permits to conclude that the insertion of DESs on 

territory allows achieving a reduction of supply from the grid. 

However, for the presented case study, this decrease is 

invariant with the distance of connection and with the number 

of nodes involved in the study.  
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NOMENCLATURE 

N number of nodes 

d distance of connection, m 

A adjacency matrix 

ija  elements of the adjacency matrix 

iD  energy demand of node i, kWh 

iP  energy production of node i, kWh 

iS  energy surplus of node i, kWh 

D SET  set of destination nodes 

S SET  set of source nodes 

1 jX  energy flows exiting from the central 

node and pointing to node j, kWh 

ijX  energy flows exiting from node i and 

pointing to node j, kWh 

CNe  unitary cost of the energy from the central 

node, c€/kWh 

nodese  unitary cost of the energy sold from the 

nodes of the network, c€/kWh 

indexCN  central node index 

Subscripts 

 

i,j nodes of the network, with i,j=2, …, N+1 

CN central node 

nodes nodes 
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