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Abstract: In this article we propose a new technique, namely doubldadcapdecomposition method for solving nonlinear partial
differential equation. The technique is described andiithted with some examples.
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1 Introduction

The linear and nonlinear problems , that are appear in maggsanf scientific research such as solid state physics,
wave equation, telegraph equation, plasma physics, fluicharécs, which are modeled by linear and nonlinear partial
differential equations. Also the double Laplace transf@ma some of its application are used to solve general linear
telegraph equation and wave equation with initial and bamndonditions see3]. Also double Laplace transform applied
by Eltayeb and Kilicman4] and [5] to solved non-homogeneous wave equation with variabléficamts. In this work

we use the double Laplace decomposition methods to solvinean partial differential equation. In special casesrfou
examples are given. We are recalling the following defingiavhich are given byZ]. the double Laplace transform
defined as

LxLt [f(x,9)] = F(p,s) :/owe*p"/Owe*S‘f(x,t)dtdx (1)

wherex,t > 0 andp,s complex value and further double Laplace transform of tist éirder partial derivatives are given
by
af(xt
ke | 250 = pr(p.9 - F(09.

Similarly the double Laplace transform for second parteihtive with respect ta andt are defined as follows

2

o [%g;t)] = P’F(p.s) ~ PF(0,9) — w
2

Lt [%(z)tﬂ)] :SZF(p’S)*SF(p,O)fw
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Theorem 1. Let f(x,t) and g(x,t) be having double Laplace transform. Then double Laplace transform of the double
convolution of the f(x,t) and g(x,t),

t X
) sgct) = [ [ fx—n.t=2g(n.Q)dndg

isgiven by
LXLt [f(X, S) * *g(X,t), p,S] = F(paS)G(paS)

Proof. By applying the definition of double Laplace transform andlae convolutions, we get

LeLe [F(x,8)  +g(x,1); . :/Ow/:e*prﬂ(f(x,t)**g(x,t))dtdx

- /om /omefprﬂ (/0t /OX fx—n,t— Z)g(n,OdndZ) dxdt,

leta =x—n andB =t — ¢, and the region of integration becomespas 0, { >0 anda > 0, 8 > 0, we obtain

LLe[F(x 9+ 0% 1); p, 5 = ( I mep”szfm,odndz) ( I mepasﬁgm,mdadﬁ) .

Then, one can see that
LXLt [f(X, S) * *g(X,t), p,S] = F(paS>G(paS>

In the next theorem we study the nonlinear partial diffeedeiquation with convolution operator by using double lzaysl
decomposition methods

Theorem 2. Consider the nonlinear partial differential equation with convolution term as follows

dz;(z)it) +RU(X,t) + Ku(x,t) = g(x,t) * xh(x, ) @
u(0,t) = f; (t),% = fa () (3)

Rrepresents a linear operator and K denoted by nonlinear differential operator with convolution as follows

2 m
Ku(x,t) = (u(x,1))"  x (a ggt(’t)) ,

then the solution of Eq(2) given by

<niun (Xat)> = fa(t) +xfa(t) — L L™ [éLth [Rniun (x,t)+n§oAn +LpMEt [éLXLt [g(x,t) *+h(x,)]| (@)

where § An = Ku(x,t).
n=0

Proof. By taking double Laplace transform for both sides of Bgnd single Laplace transform for BB)fwve obtain

U(p,s) = Fl—és) + F;(ZS) — éLth [Ru(x,t) + Ku(x,t)] + éLth [[g(x,t) * xh(x,t)]] . (5)
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On using double inverse Laplace transform for Bq(e have
u(xt) = fa(t) + xfa(t) — Ly 'Lt [éLXLt [Ru(x,t)+ Ku(x,t)]} +L, Lt [éLXLt [g0xt) *xh(x,1)]| (6)

applying the decomposition method , then we consider theisolas an infinite series given as follows

u(x.t) = iun (x.1), @)

n

The nonlinear operator is decompose as follows

00

Ku(x,t) = ZoAn (8)

WhereA, are Adomian polynomials given by

Ap = L d N m/\i i =012 9
= @ ; Ui , h=012,... (9)
I= A=0

By subsitituting Eq{) and EqgB) into Eq®) we complete the proof.

The purpose of this parts is to study the use of modified doubf#ace transform algorithm for the nonlinear partial
differential equations. We consider the general form ofosdcorder nonhomogeneous nonlinear partial differential
equations with initial conditions is given below

Lu(x,t) + Ru(x,t) + Nu(x,t) = h(x,t) (10)
with initial condition
u(0,t) = f(t), w(0,t) =g(t), (11)
wherel denoted by differential operatbr= g—xzz, Ris called linear operatoNu represents a general non-linear differential

operator andh(x,t) is source term. The methodology consists of applying doubfgace transform on both sides of
Eq@0)
LuLt [Lu(x,t) + Ru(x,t) + Nu(x,t) = h(x,t)] (12)

The frist step we applying the differentiation property ofuthle and single Laplace transform we get

FE LG _ éLth [Ru(x,t) +Nu(x,t)] + él-xl—t (h(x.t)] (13)

U(p,s) =
(p;s) D 02

The second step in Laplace decomposition method is thatpresent solution as an infinite series given below
U(X,t) = Zoun (th) ) (14)
n=

The nonlinear operator is decompose as follows

Nu— iAn (15)
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whereA,, are Adomian polynomials given by E®)( By subsitituting Eq{4) and Eq(5) into Eq(3) we obtain

LxLt (niun (x,t)) = ips) + % - éLth [Rniun (%,t) + nioAn + éLth [h(x,t)]. (16)
Now, applying the inverse double Laplace transform on bmtéssof Eq(6), we get
(niun (x,t)) = f(t)+xg(t) — L't léLXLt [Rniun (x,t) + ni)An +LpMet [éLXLt [h(x,t)]} : (17)
On comparing both sides of the Bqj we have
U (x,t) = f(t) +xg(t) + L 'Lst [éLXLt [h(x,t)]} (18)
u (xt) =Lt [éLXLt [Ru, (x,1) +Ao]} (19)
u, (x,t) = Ly'gt [éLXLt [Ru, (x,t) —|—A1]] . (20)
In general the recursive relation is given by
Un1 (X t) = —Lp'Lgt {éLXLt [Rup (X,1) +An]] , n>0. (21)

Now first of all we applying double Laplace transform of there on the right hand side of E2ff) then applying inverse
double Laplace transform we get the valuesigil,, ..., un respectively

2 Applications

To demonstrate the applicability of the above-presentethodk for nonlinear partial differential equations, we now
consider some examples.

Example 1.We Consider the nonlinear partial differential equation
2 2 —t
Uxx + (Ut)“+U—U"= —x€e (22)

with initial conditions
u(0,t)=0, w(0,t)=e". (23)

On using double and single laplace transform method wembtai

1 1 1 1 1
V(RS = prry T ey @i 07+ bt [ - bl @9

By taking double inverse Laplace transform, we have

aet) =xe t+ 2 (A Tw?])) et (o)) et (Lo 25
v = 6_ps EXt[(ut)}""ps EXt[u]_ps EXt[u]- ()
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Applying Eq(L7) we get

e x3et 1 e
H=xe -2 -1t SLL
R i CE

whereA,, andB, are Adomian polynomials that represent by

(w)? = iAn, u? = iBn- @7)

The beginning terms of Adomian polynomials, which is givgn b

1 ad 1 ad
LMLt [ELXLI [z Bn” —Lptst {F LxLt { Un” (26)
n=0

n=

Ao = (Uo)? . A = 2(Up); (Un); . A = (Up)f + 2 (Up); (U2);
Bo = U3, By = 2ugu1 By = U3 + 2ugUy. (28)

By using Eq(8),Eq(21) and EgR6) we get

x3et

o (x,t) =xe ' +

1,111 l g, 1| 1
+ LplLs ! [E LxLt LZ)BH] 1 - LplLs ! [E LxLt LZ)UnH (29)

1 (o]
Uni1(xt) = —LpTLg? [@Lth [;An
n=

Applying above recursive relation, we obtain

1 x3et
up (x,t) = —Lytgt [ELXLI [xet + =5 ”

1 1
-1, -1
bl {p4(8+1)+p6(8+1)]

__Xe L st (30)

and

3ot
Up (x,t) = —L5 L5t {éLth [i _ ix5etH

6 5!
_ _LilLil o 1 o 1
p s pé(s+1) pB(s+1)
1: . 15
= 5!xse tJrﬁx7e t (31)

We see that the second termug and the first terms ini; becomes zero, keeping the non noise termgiobtain the
exact solution of E4{2) as follow

u(x,t) =xe
Example 2. Consider the following nonlinear partial differential edion [6]

Uy — Ul = —Xx°e 2 (32)

with initial conditions
u(0,t) =0, w(0,t)=e". (33)
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By applying the aforesaid method subject to the initial dbod, we have

1 2 1
U (p,S) = p2 (S+ 1) - p5 (S+ 2) + ELXLt [uuﬂ] (34)

On using inverse double Laplace transform

xte 2 1
U(X,t) =xet— 1 + LEngl [E LxLt [Uutt]:| (35)
by using Eql7) we get
S Uit —xet =X Ly | L s A, (36)
& o ettt 2,

whereA,, are Adomian polynomials that represent

Ul = iAn

The first few components of Adomian polynomials, are given by

Ao = (Uo) (Uo)y
A1 = (Up) (Up )y + (U1) (Uo)y
Az = (Up) (U2)y + (U1) (Up )y + (U2) (Uo)y

The recursive relation is given below

1
Ug (x,t) =xet — 1—2x4e*2t
1 0
Unya (X t) = Ly Ls? [E LxLt LZ)NH (37)

The other components of the solution can easily found bygusiove recursive relation

up (xt) = LptLs™ lé'—xh liAoH

1 5 1
=Lt | Sl [XPe 2 — xPe 4 xBe
P s [p? x [ 12 " 36
14 S 7 .3 1 io-a
=X e T3 e © (38)

It is obvious that the self-canceling “noise” terms appestmieen various components. Canceling the second tetg in
and the first terms iy , keeping the non noise termsug yields the exact solution of E8®) given by

u(x,t) = xe™

Example 3. Consider nonlinear partial differential equatiaf [

U — Uxlit = —X+U (39)
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with initial conditions
u(0,t) =sint, ux(0,t)=1

Applying the double and single Laplace transform we get

1 1 1 1
U(D,S)Zm-f—p—zs—st-i-ELth[UxUtt‘i‘U] (40)

The inverse of double Laplace transform implies that

: X3 1
u(x,t) =sint +x— = + Lotst [E Ll [uxUee + U]] (41)

We decompose the solution as an infinite sum given below

© X3 1 © ©
un(xt) =sint+x— = + Lot | Skt [ § Ant S Un(X,1) (42)
n; 3I P S p2 X n; ré
The nonlinear term is handled with the help of Adomian polyiads [7] as

Uyt = zOAn
n=

The recursive relation is given below

3
Up (X,t) = sint +x— %
U (xt) = Ly'Ls? léLth liAﬁ iuo (XJ)H
Un1 (X t) =L tLgt léLth liAﬁ iuﬂ (x,t)H (43)

The other components of the solutions can be easily foundinguabove recursive relation

up (x,t) = LEngl éLth [(UO)X (uo)tt +Uo (Xat)]]

(1 z x3
=Lt bt [X— sint +x— —H

I 2 3!

I 1 1 1

=Lt -

s _p5(82+1>+p4s pGS]
_x4 . N
_ESInt+§_§

Itis importantto recall here that the noise terms appeavéxn the components(x,t) andus(x,t), where the noise terms
are those pairs of terms that are identical but carrying sipgpsigns. More precisely, the noise term§ between the
componentsipg(X,t) andu; (x,t) can be cancelled and the remaining termsagk, t) still satisfy the equation. Therefore,
the exact solution is given by

u(xt) = Zoun (x,t) = sint +x

n
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Example 4. Consider one dimensional nonlinear wave-like equat8n [

7]
Ut = X (Utboc) = (o) — U (44)
X
with the initial conditions
u(x,0) =0, u(x,0)=x (45)

Taking the double Laplace transform there is ( denoteld)yn both sides of E¢{) we obtain

sU(p,s) —sU(p,0) — dul(;[)’ 0 _ LuLt (xzaa—x (UnU) — X2 (Uy)® — u> . (46)

Applying the initial conditions given in E46) , we have

2 1 7}
U(p,s) = w2t gLl (de_x (UnU) — X2 (Un)® — u> . (47)

Operating the inverse double Laplace transform on botrssiflEqé7) , we have

(1 d
u(x,t) =Xt 4Lt <?Lth (Xza_x (Nu) —x?(Mu) — u)) , (48)
where

NU = UyUyy = Z)Am Mu = (uxx)2 = Z)Bn (49)

Using Eqé9) we obtain Adomian’s polynomials as follows

and
Bo = (U0)%¢ B1 = 2(U0) o (Un) i, B2 = (U1) 5+ 2 (U)o (U)o

Starting withug(x,t) = x°t and using

1 i & 1 1 ®
Un,, (xt) = Lyt <?Lth <x20—x Z)AH>> T <?LXLt <x2 zOBn)) — LMt <?Lth zo(un)> . (50)
n= n= n=

We can obtain

1 d 1 1
uy (x,t) = LptLg? <?LXLt <x20—x (Ao))> Lt <?Lth (x2 (Bo))) Lt <?Lth (uo))
1 2 23
=L (Gl ) = 5 () = g (51)
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up(x,t) = L't <éLth <x2§—x (Al))> — LMt (éLXLt (X (Bl))) — LMt <éLth (ul))

1 x2t3 2 x2t5
-1 -1 -1 -1 _
x2t?
us(x,t) = T

On using Eq(4), we have
] ) t3 t5 t7
u(x,t) = Zoun(x,t) =X <t ~ 3 + 517 + )

n

The exact solution ig(x,t) = x?sint.
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