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1 Introduction

Let C be the set of complex numbers and A = {¢ :
¢ € C and |s| < 1} be the unit disk. Let R and N :=
{1,2,3,...} = No\{0} be the sets of real numbers
and natural numbers, respectively. Let A denote the
family of functions of the form

F&)=s+) ans" (D
n=2

which are holomorphic in A. Further, we denote the
subfamily of .4 which are univalent in A by S. Ac-
cording to the well-known theorem of Koebe, every
function f € S contains a disk of radius %. Thus, ev-

ery f € S has an inverse ! satisfying

FU©) =¢ (s € A) and f(fHw)) =w
where

[w| < ro(f),ro(f) 2

and is in fact given by

>~ =

Y w) = w — asw?® 4 (263 — az)w®—

(5a3 — bagaz + as)wr +--- = g(w). (2)

If a function f and its inverse f~! are both univa-
lent in A, then a member f of A is called bi-univalent
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(or bi-schlicht) in A . The family of bi-univalent (or
bi-schlicht) functions in A given by ([I]) is indicated by
1 1
o. The functions —log(1—¢), 5 log <11Lz> , %_g
and so on are members of the class . Howewer, the
2
S
271-¢2
(members of S) are not members the class o.

familiar Koebe function as well as ¢ —

Lewin [|L8] examined the family ¢ and proved that
las] < 1.51 for elements in the family o. Later,
Brannan and Clunie[6]] claimed that |as| < V2 for
f € o. Subsequently, Tan [30] found the initial
coefficient bounds of bi-univalent functions. Bran-
nan and Taha[] proposed bi-convex and bi-starlike
functions which are similar to well-known subfam-
ilies of §. The momentum on investigation of the
family ¢ was gained in recent years, which is due
to the paper of Srivastava et al.][23] and that has
led to a large number of papers in recent times.
Some interesting results concerning initial bounds for
certain special sets of ¢ have been examined in (
[21,[7Z1,[A01,[IL1],[L6],[17],[21] and [24]) on subfam-
ilies of 0. They have obtained estimates on |as| ,
lag| and |ag — da3|, § € R, ay and a3 being the
first two coefficients of Taylor-Maclaurin’s expan-
sion. However, the problem of finding the bounds on
lan| (n = 3,4, ) for members of o is still open.
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Let I' be the Gamma function. The first kind A computation shows that
Bessel function of order v is defined by (see [20]) \
ju,q(g) *Mq, )\+1(§) = zaq’%ll(g)7 ¢ € A: (10)

T, (2) == §Oo COY/D™ (e veRr). 3) o
v\E) = nTn+v+1)’ ° Y ' where My x11(c) is given by
n=0

Recently, Szasz and Kupan [25] found the univa- >\+1qn1n
lenceef)efz thzﬂgrstskinddBe;sI;l flEnSt]ioﬁum,fl : ZUHV(C Mg a(s) =+ Z [n—1,q|! ’ €A
defined by (11)
Using the idea of convolutions and the definition of ¢ -
ku(z) = QIT(V + 1) iz, (s 1/2) derivative, El-Deeb and Bulboaca [9] examined the
(=1)" 1F(u +1) operator/\/'lj\’ g - A — Adefined by

= z+z n—1(p — <49
4n=1( I(n+v)° N JF(S) o= T (s) * f(2)

where¢ € A, v € R. 0 .

For k,, the g—derivative operator (0 < ¢ < 1) is = <t ananC ) (12)
defined by n=2

Bore () ki (S) — K (<) where0 < g< 1, >0, A>—1, ¢€ Aand

ku(s) = ——————=

! s(q - 1) b (—1)"T(v + 1) mal s
= §+Z ST+ ) <" A (= DIN(n+v) A+ 1ga

% 4"t (n = I(n +v) Remark 1.1. One can verify from ([[2) that the follow-
. Z (—1)" 1T + 1) } n_l(ﬁ)lng identity hold for all f € A :

— n,qls

P DI+ ) A+ L gD f(6) = X dADT O+ (149
where s € 4. 25y (41 AN F(6) s € A
N n— . d
md=goc =142 ¢ Pd=0© T
- Jm N S() = TS = T =< (19)
Using (), we will define the following:
I (v + 1) n!

1. For any n € Ny, n A.
Y ’ +Z4n 1n—1‘F(n—|—U) OF D) m*€
L ifn=20 i

[n, q]! = [1,ql[2, q] ...[n, q] ifneN. The (p, ¢)-Lucas polynomials £,,(p(), q(5c), »),
) (or L,,(52)) are given by the recurrence relation (see
is the ¢ - shifted factorial. [13, 14]):
2. For any n € Nj, L (50) = p(50) Ln—1(30)+q(3) Ln—2(3¢)(n € N\Ellg))j

[r, qln == { L o e
[r, ql[r*+1,q] ...[rtn-1,q] lfn(ES)N. ﬁo(%) — 9 and 51(%) _ p(%),

is the ¢ - generalized Pochhammer symbol. where p(») and ¢(5¢) be polynomials with real coeffi-

ForO0 <g¢ < 1,v > 0and A > —1, El-Deeb and cients. One can find from ([L6) that £5(s¢) = p*(s) +

Bulboaci [9] defined the function 7.} g A—Cby 2q(»), L3(3) = p*(s) + 3p(3)q(3). Note that for
’ particular choices of p(¢) and ¢(¢), the (p, q) - Lucas
TN (6) = ot 9) polynomials L, (p(), q(>), »), leads to the follow-
v ing polynomials:
Z )"~ 1F(V+ 1) [, q)! e A, 1. L£,(27,1,3) = P,(5) the Pell-Lucas polyno-
At - 1T (n+v) A+1,qn1 mials.
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2. Ly(5¢,1, 5¢) = Ly(5) the Lucas polynomials.

3. L,(25,—1,3) = T,(5) the first kind Cheby-
shev polynomials.

4. L, (35,—2,%) =
polynomials.

5. Ln(1,25¢,5c) =
polynomials.

F,(5c) the Fermat-Lucas
Qn () the Jacobsthal-Lucas

It is known from [[19] that

Gr,9(S) =D La(30)2" = <
n=0 (17)

is the generating function of the (p, ¢)-Lucas polyno-
mials £, ().

It is well-known that these polynomials have po-
tential applications in branches such as approximation
theory, architecture, engineering sciences , statistics,
mathematical and physical sciences. For more details
about the above mentioned polynomials one can refer
[13], [14],[L5] and [[19]. The recent research trends
on functions € o linked with (p, ¢) - Lucas polyno-
mial can be seen in [[1], [3], [4l], [27], [28] and [29].

Motivated essentially by the fruitful usages of
above mentioned polynomials and Bassel functions
in Geometric function theory and the recent papers
[8], [12] and [26], we present two subfamilies of
bi-univalent functions defined by making use of ¢ -
analogue of Bessel functions subordinate to (p, q) -
Lucas polynomials. Throughout this paper, the func-
tion f~!(w) = g(w) is as in (P) and the generating
function G is as in ([17).

The subordination principle for holomorphic func-
tions f and g in A, is due to Miller and Mocanu (see
[22]). f is said to be subordinate to g, if there exists
a Schwarz function w such that f(¢) = g(w(s)) (s €
A),w(0) = 0 and |w(s)| < 1. This subordination
will be indicated by f < g (¢ € A) (or f(s) <
9(s)) (¢ € A). Further, if g is univalent in A, f <
g (s€A) < [(0)=g(0)and f(A) C g(A).
Definition 1.1. ForT > 1,4 > 0,0 < v < 1,0 <
g <1l,v>0,A> —1afunction f € o of the form
() is said to be in the class S% (7, v, i, A, v, q, »),
if

S (2 £Q)) s (W2, ()"
(1 =) + N2 G f(S)
gﬁn(%) (g) -1

<

and

w ((NVA qg(w))/>T + pw? (N,,)‘ qg(w))//
(L =y)w +N2 gg(w)

<
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Gr,(0(w) — 1,
where ¢, w € A.
Remark 1.2. Putting ¢ — 17, we obtain

lir? S (T, 7, 1, Ay v, q, 22) =2 SS(T, 79, o A\, v, 32),
q—1-

the class of f € o satisfying the following two con-
ditions

((T216)) + s (721(5))"
(1 =7)s +7T2f (<)

= gﬁn (50) <§) - 17

and

"

w((F2gw)’) + pe? (Fg(w))
(1 =y)w+7Tng(w)

Gr, (0 (w) =1,

<

where
7>21Lp>00<y<1Lvr>0,A>—-1,¢,weA.
The family S} (7, v, p, A, v, ¢, »),is of special

interest for it contains many new subfamilies of o for
particular choices of v and p, as illustrated below:

L S5(7,0, 1, A v, g, 2¢) = 35-(7, 1, A, v, ¢, 32) s
the collection of functions f € o satisfying

<<N37 qf(<)>/>7+uc (M2 0f©)" <Gz, 0o ()1

and

(A2 a0w)') e (2 500)

where ¢, w € A.

/,

!
<Gz, o (w)—1,

2. S;(Ta L, A vy q, %) = RE(T, Wy A, 0, q, %) i
the set of functions f € o satisfying

c((NuA,qf(?))/)TJru GND  f() .
N2 G f(S) N G (S)

Gr.0(s) — 1

WD o)
*“( N () ><

and

w (V2 go(w))’
Noy o f(w)

Gr,60(w) — 1,
where ¢, w € A.
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3. S;(T”Yv LA vq, %) =S 2*2(7', YA, G, %) is
the collection of functions € o satisfying

(AR F©)) +2 (M2, ()"
(L =7)s + N2, f(s)

=G, (6)—1

and
w (V2 gg(w)) +w? (A g(w)"
(I =yw + N2 y9(w)
gﬁn(%) (w) -1,

=<

where ¢, w € A.

Definition 1.2. For( > 1,7 > 1,0 < ¢ < 1,v >
0, and A\ > —1 a function f € o of the form ([l]) is
said to be in the class M%(&, 7, A, v, q, »),if

e[ f@)] + -9

G, (o) =1

(/\/,ijf(g))/
and
& [V g)y)] + -9
; Gr. o (w) — 1,
V2 o) <o)

where ¢, w € A.
Remark 1.3. Putting ¢ — 17, we obtain

lim Mg (&, 7, A, v, q, 2) = MG(§, 7, A, v, %),

q—1-

the class of f € o satisfying the following two con-
ditions

¢ @ r@))] +a-9

<Gz, o) =1

(TXf ()
and
¢[(w@gtw)))] + -9 D
\W) — 1,
(TPg(w)) e
where ¢, w € A.
We note that M (1,7,\ v,q, ) =

UL(T, A\, v, q, ) is the family investigated in [26].
MU(]" T’ )\7 V’ q? %) = 7-(;'k(7—7 )\7 V? Q7 %) is the
collection of functions f € o satisfying

[ f)]
and
(w2 o)) |
(_/\/V/\, qg(w))/ < Qﬁn(%)(w) -1, weA.
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2 The set of main results

In this section, we propose to find bounds on |az|, |as]
and |az — 6a3| (6§ € R) for functions in the classes

SE(r, v, py A\, v, q,x) and ME (€, 1, A\, v, q, ), intro-
duced in Definition|l.]] and Definition [ﬁ , respec-
tively.

Theorem 2.1. Let7 > 1, 1 > 0,0 < v < 1,0 <
o0
g<l,iv>0,A>—1land f(s) =c+ > ans" be

n=2

in the class S (T, 7, 1, A\, v, q, ). Then

p(9)| VIp(>)]

lag| < ;
V2 () — 25 (50)]

Ip(5)| p*(x)
951 = Bl s T s
and for 6 € R
podl
Bt s 0=
’ag — 5ag‘ < ,
lp(z)|” |6 — 1] .
20 —ss Y P
where
=T+ (18)
t= [(3(77+u)—v)wa—2(T(T+1)+(2u—v)n+2u6);b)§],
s = (20 —7)*3 (20)
and
J ‘th(%) — 28(](%)‘ 21

(3(n—+ p) — ) P3p? ()

Proof. Let f € Si(r, v, p, A, v, q, »), be given
by ([l[). Then, for holomorphic functions u and v with

w(0) =0, v(0) = 0, u(s)] = urs + uss® +...| < 1,
and
lv(w)] = [viw +vow? +...| <1, ¢, weA.
Therefore, on account of Definition , we can write
(2 )) s (V2,7 6))"
(1=7)s + N2, F(9) -

G, (u(s)) — 1

and

w (A2 g9(w)') +pw® (M2 9(w)”
(1 = y)w + N g9(w)
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G, () (v(w)) — 1.
Or, equivalently,

(W2 £Q)) s (W2 ()"
(L =9)s + N2 f(<)

—14-Lo(30)+ L1 (5)u(s)+ Lo (3) [u(s)]*+. . .

and

w (A2 o))+ pw® (M2 g(w)”
(1 = w + N g9(w)

—1 4 Lo(5) + L1G)v(w) 4+ Lo(z)[v(w)]* +....

We obtain, from the above equalities

(A2 F©)) +ns? (N2 4 F)”
(L =79)s + N2 [ (<)

1+ L1(50)urs + [L1(50)ug + Lo(3)u?]% +. .. (22)
and
w (T gw)) + e (T o))"
(1 —y)w+ 7T 9(w) a
14+ L1 (s)viw+[L1 (50)ve+Lo(s0)v]w+. ... (23)
It is known that
lug| <1, lug] <1 (k € N). (24)
Comparing (22) and (23), we have
(2n — Y)b2az = L1(39)w (25)
(3(n + 1) —7) ¥saz+ (7> + 27(r — 1) — 2yn) P3a5 =
L1 () ug + Lo(3)u? (26)
—(2n = )2 a2 = L1(32)v1 (27)
and
(3(n+ 1) — ) s (203 — a3) +
(’Y +27(7—1) - 2’Y77) ¢2a2 L1 (3¢)va+La( )U17
(28)
where 7 is as in
From (29) and ( ) we get
Uy = —01 (29)
and
25 a3 = [L1(50)]*(uf +17) (30)
E-ISSN: 2224-2880

102

Sondekola Rudra Swamy, Alina Alb Lupas

where s is given by (20).
If we add (26) to (28)), we obtain
20 a3 = L1(50)(uz + v2) + L2(0)(uf +07), (31)
where
b = [(3(n+1)—7)¢s+(* +2r(r — 1) — 2yn) 21332])
From (B0) and (31]), we deduce that
202 = [L£1(5)]3 (ug + va) (33)

bL2(5) — 5 Lo(3)

Putting the values of £ (), L2(3¢) and applying (24)
for |uz| and |va|, we get

|\/|P

laz 2s«>|

o< B

where t is as mentioned in (.)
To find the estimate on |a3], first we subtract (28)
from (R6) and then in view of (@) we obtain

2(3(n + p) — Y)¥s a3 — 2(3(n + p) — V)3 a3 =

L1(50) (ug — v2) + Lo(3¢) (u] — 07)

L1 () (ug — v2) 9
2600 + 1) e

(34

az =

— Nz
Then in view of (B0), (B4) becomes

L1(#) (up —va)  [La(e))(u + o)

2B+ ) — 1) 2s
Applying (24), we deduce that
p(5)] p*(x)
las < (3(n+ ) =13 A

From (B4), for § € R, we write

L1() (uz — v2)
23(n +p) — )3

Substituting the value of a3 from (B3) in (B3), we have

2

(36)

a3 — da3 = +(1—0)a3. (35)

az — a3 =

£1(z) { <Q(5, ) + ;) us + <Q(5, %)

where

8=

Q6,») =

23(n + 1) — )3
(1-90)[L1(5)]?
2(b[L1(50)] — 5 La(5))
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and b is given by (82). Then

( |£1(5)| ,
(B(n+p) =73’

0 <25, »)| <

|

‘ag — 5a%} <
2[L1(5)] 120, »)];

1€2(6, ) =

Q\'—‘

which evidently completes the proof of Theorem P.1].
O

In the next theorem, we determine the bounds
for |as|, |as| and |az — da3| for function f €
M (f 7, \, v, q, x), the proof of which is omitted
as it is similar to that of Theorem P.1I.

Theorem 2.2, Let & > 1,7 > 1,0 < g < 1, A >
0
—1,v > 0and f(s) = ¢+ > ans™ be in the class

n=2

ME(E, T, A, v, q, ). Then
o <« 2L
- \/\ ) — 22q(x)]
\p( )| p?(z)
951 = 3er — gy T 2
and for 6 € R
lp(2)| .
|a3—5a§‘ < lp(x)] |6 — 1|
lyp? () — 22q(x)|’
\ iflo-1=9
where

y = [(3(3&T — 1)py — 8E72(2€ — 1)33),
= 4(2¢1 — 1)%)3

and
|lyp® (x) — 22q(2)]
3 (36T — 1) 3p?(x)

H=

3 Outcome of main results

We arrive at the following outcome when v = 0 in
Theorem P.1l.
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Corollary3.1. Lett > 1,0 > 0,0 < g < 1, A > —1,
oo

v > 0and f(s) = ¢+ >, a,s” be in the family

n=2
I5-(7, 1, A, v, g, »). Then
4] < | \/ (5
B \/|’L - 251(J( )|
2
4
g < 07 P
3(n + p)bs 51
and ford € R
Ip(5)| :
PN s 1< T
3(n + )3 | | !
|ag — da3| < Ip(=)[* |6 — 1]
[t1p?(3¢) — 281q(5)]’
\ if 16— 1] > J3
where 7 is as in ([L§),
t = [3(n+ s — 2(7(1 + 1) + 2u(n + 7))¥3),
51 = 4n*y3
and
|t1p? (3¢) — 2519(5)|

YT 30+ w)ap? ()

We arrive at the following outcome by taking v =
1 in Theorem P.1.

Corollary32. Lett > 1, p > 0,0 < g < 1, A >
o0
—1,v > 0and f(s) = ¢+ >, a,c™ be in the set

n=2
ﬁ*Z(T, W, A, v, q, »). Then
la] < \ VIp(x
- \/If —2526./( )|
!p( )| p*(x)
az| < +
las 3n+u) =Y s
and for § € R
Ip(z)] .
Jf [0 — 1] < J.
Bt — D L TSP
|ag — da3| < pGo)* 16 — 1
|top? (3¢) — 282q(5)|’
if 10— 1] > s
where 7 is as in ([1§),
ty = [(B(n+p)—1)ps—2(7(T+1)+2u(n+7)—n)3],
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sy = (20— 1)%¢3
and
‘fgpz(%) - 252q(%)‘
(3(n + 1) — 1) 9h3p?(50)

We arrive at the following outcome by taking pu =
1 in Theorem P.1.

Corollary 3.3. Lett > 1,0 <~y < 1,0 < g < 1,
o0
A>—1,v>0and f(s) = ¢+ > ans” bein the

Jo =

n=2
family 2*2(7, v, A\, v, q, ). Then
las] < !\/ Ip(5
B \/!f —253(1( )|
0| < \p( #)| ()
T BT+6—-7)Ys 3
and for ) € R
lp(>)| .
— i 6-1] < J
(37 + 6 — V)3 o=1=Js
|az — da3| < p()* 16— 1
|[tsp?(5¢) — 253q()|’
if 10— 1] > Js

where
t3 = [(37+6—7)h3—2(T? + 57+ 2 — (T4 1))3],
s3.= (27 12— 7)%3

and
|tap? (5) — 2s3q(52)|
(3T + 6 — ) P3p?(52)
Setting ¢ = 1 in Theorem P.2,we obtain
Corollary 3.4. LetT > 1,0 < ¢ < 1, A > —1,

[e.e]
v > 0and f(s) = ¢+ > ans™ be in the set

J3 =

n=2
TE(r, A\, v, q, »). Then
las] < 7)| /Ip(5
a \/\y1p —221¢I( )|
2
lag] < — P ()
337 = 1)y 21
and for 6 € R
( |p(>)| :
PPN e 51 <
33— gy L0 H=,
|ag — da3| < lp(o)* 16 — 1

[y1p?(3¢) — 2219(5)|

if |6—1>
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where
y1 = [(3(3T — 1)tps — 87%43],
21 = 4(21 — 1)%3
and
|nip?(50) — 221() |
H =

3(37 — 1) uh3p?(s) -

4 Conclusions

Our investigation is motivated by the fruitful usage of
certain special polynomials and Bassel functions, in
the theory of bi-univalent functions. Making use of
the g-analoguue of Bassel functions, we have intro-
duced two subfamilies of bi-univalent (or bi-schlicht)
functions subordinate to (p,q)-Lucas polynomials.
For functions belonging to these subfamilies, we have
found the upper bounds of |az|, |ag| and for ¢ a real
number the Fekete- Szegd functional |ag — da3| is
considered. The special cases and implications of the
main results have been identified. Finding estimate
on the bound of |a,|, n € R — {1,2,3} is an open
problem.
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