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 When it comes to engineering, high performance is always a desired goal. In this context, regarding 
stiffened plates, the search for better geometric configurations able to minimize the out-of-plane 
displacements become interesting. So, this study aimed to analyze several stiffened plates defined by 
the Constructal Design Method (CDM) and solved through the Finite Element Method (FEM) using 
the ANSYS® software. After that, these plates are compared among each other through the Exhaustive 
Search (ES) technique. To do so, a non-stiffened rectangular plate was adopted as reference. Then, a 
portion of its steel volume was converted into stiffeners through the 𝜙 parameter, which represents the 
ratio between the volume of the stiffeners and the total volume of the reference plate. Taking into 
consideration the value of 𝜙 = 0.3, 75 different stiffened plates arrangements were proposed: 25 with 
rectangular stiffeners oriented at 0°; 25 with rectangular stiffeners oriented at 45° and 25 with 
trapezoidal stiffeners oriented at 0°. Maintaining the total volume of material constant, it was 
investigated the geometry influence on the maximum deflection of these stiffened plates. The results 
have shown trapezoidal stiffeners oriented at 0° are more effective to reduce the maximum deflections 
than rectangular stiffeners also oriented at 0°. It was also observed that rectangular stiffeners oriented 
at 45° presented the smallest maximum deflections for the majority of the analyzed cases, when 
compared to the trapezoidal and rectangular stiffeners oriented at 0°.   

© 2022 Growing Science Ltd.  All rights reserved. 
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1. Introduction 

 
     Steel plates are structural components employed in a broad number of engineering structures and are mainly characterized 
by having its thickness considerably smaller than the length and width. Generally, the loads applied to the plates are 
perpendicular to the plane and are transmitted in two directions, creating shear, bending and torsion forces to resist the 
loadings. Therefore, plates present a good combination of lightness and stiffness (Ugural 2010; Ventsel & Krauthammer 
2001). Seeking to improve the flexural rigidity, once the slenderness is a plate feature, it is a common practice to weld 
stiffeners on its plane, normally in transverse and longitudinal directions. The versatility of the plates enables them to be used 
in different structures, such as oil rigs, ship hulls (see Fig. 1) and bridge decks (Bedair, 2009). One of the greatest challenges 
in the analysis of stiffened plates is the difficulty of finding analytical equations to precisely describe its mechanical behavior. 
When it comes to non-stiffened plates, stress and displacement can be found by employing the classic Kirchhoff differential 
equation, through the solutions proposed by Navier or Levy (Szilard, 2004). Meantime, regarding stiffened plates, among the 
rare analytical solutions existing, it is possible to quote Pama and Cusens (1967), as well, Powell and Ogden (1969), that 
proposed to idealize the stiffened plate into an equivalent orthotropic plate. However, according to Szilard (2004), analytical 
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stiffened plate solutions have some limitations, such as, relatively small uniform stiffeners and closely spaced. For this reason, 
numerical methods become an interesting alternative to solve such problems. 

 

 
Fig. 1. Cross section of a ship. 

 
      Several works adopting the numerical approach to investigate the mechanical behavior of stiffened plates can be found in 
the literature. Mukhopadhyay and Satsangi (1984), through the Finite Element Method (FEM), presented a formulation to 
solve stiffened plates based on isoparametric finite elements, which allowed considering transverse shear deformations and 
redefining the stiffeners positioning without modifying the finite element mesh. O’Leary and Harari (1985) developed a study 
to analyze stiffened plates using the FEM from a constraint variational principle, where the restrictions between the plate and 
the stiffener were imposed through Lagrange multipliers.  In its turn, Tanaka et al. (2000) employed the Boundary Element 
Method (BEM) in order to analyze stiffened plates, where the forces and moments between the plate and the stiffener were 
considered as unknowns and estimated through interpolation functions in the numerical solution. Sapountzakis and 
Katsikadelis (2000) using the Analog Equation Method (AEM) proposed an approach to analyze stiffened plates, where the 
plate and stiffeners were treated separately and the forces that produce transverse deflection and deformation in the plate and 
stiffeners were determined by using continuity conditions. In addition, since the advent of high-performance computing, the 
use of commercial software on the analysis of structures has become a popular practice. Using ANSYS®, Singh et al. (2015) 
performed a parametric analysis on stiffened plates under bending considering different loads and boundary conditions. Troina 
et al. (2020) applied the Constructal Design Method (CDM) associated with computational models developed on ANSYS® 

software, to found through the Exhaustive Search (ES) technique the optimized stiffened plates capable to minimize the central 
deflection on stiffened plates. As well as, Nogueira et al. (2021) used the same methodology applied by Troina et al. (2020), 
but in its turn, focused on minimize the maximum and the central out-of-plane deflections on stiffened plates, varying the 
heights of transverse and longitudinal stiffeners. Therefore, the present study aims to analyze the mechanical behavior of 
stiffened plates under bending defined by the CDM solved through computational models developed in ANSYS® software, 
which is based on FEM.  Employing the Exhaustive Search (ES) technique, three different situations of stiffened plates 
arrangements were investigated: i) rectangular stiffeners oriented at 0°; ii) rectangular stiffeners oriented at 45°; and iii) 
trapezoidal stiffeners oriented at 0°. For each of these three situations, the number of stiffeners was varied and the results 
compared to each other. However, it is important to highlight the differences among this study and the aforementioned studies 
of Troina et al. (2020) and Nogueira et al. (2021). Here it was investigated the influence of the rectangular stiffeners at 45° 
and the trapezoidal stiffeners at 0°; while in both previous works only rectangular stiffeners at 0° were considered. 
 
2. Computational modeling 

      Currently when it comes to structural engineering problems, computational modeling is a fundamental tool, which allows 
analyzing and reanalyzing hypotheses till extreme values with safety and accuracy. The numerical methods such as Finite 
Difference Method (FDM) and Finite Element Method (FEM), which are the basis of CAD tools (Computer-Aided Design), 
are employed on scientific and industrial solutions that deals with analysis, optimization and development of products and 
projects (Rappaz et al., 2010; Steinhauser, 2008). The computational modeling of the stiffened plates used in this study was 
performed on ANSYS® software, which is based on the FEM. Briefly, FEM consists in discretizing a complex continuum 
domain into elements of finite size interconnected through nodes, composing a mesh. Therefore, all elements are combined 
creating a system that represents the analyzed continuum model (Thompson & Thompson 2017). 
 
     In the present work, all numerically simulated plates were discretized using the triangular version of the two-dimensional 
shell-type finite element SHELL281. This element is adequate to model thin plates, having 6 degrees of freedom on each 
node, being 3 translations on x, y e z directions and 3 rotations around these axes (Ansys, 2019).  
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2.1. Computational Model Verification 

      The case used for the verification of the computational model (see Fig. 2) was anteriorly solved by Troina et al. (2018) 
with the three-dimensional element SOLID95 in the hexahedral version, also in ANSYS® software. 

 
Fig. 2. Rectangular plate with 2 orthogonal stiffeners. 

    The plate of Fig. 2 was subjected to a uniform transverse loading of 68.95 kPa with boundary conditions of simply supported 
edges, having a material with an elastic modulus of 206.8427 GPa and Poisson's ratio of 0.3. The proposed case was 
numerically solved using the element SHELL281 in the triangular version with a mesh of 30,400 elements, defined from the 
mesh convergence test shown in Fig. 3, which also presents the result obtained by Troina et al. (2018). It is seen from Fig. 3 
that the difference between the central deflections (Uz) found in the present study and in Troina et al. (2018) is 1.08%, verifying 
the proposed computational model. 
 

 
Fig. 3. Computational model verification 

2.1. Computational Model Validation 

      The experimental test carried out by Carrijo et al. (1999) was used for the validation of the numerical model. The square 
plate presented in Fig. 4 was subjected to a uniform transverse loading of 0.96 kPa, and has as boundary conditions just its 
four corners simply supported. The material has an elastic modulus of 2.5 GPa, and a Poisson’s ratio of 0.36. 
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Fig. 4. Square plate with eight stiffeners. 

      Using the finite element SHELL281 the experiment was numerically solved. The mesh used to discretize the numerical 
model was defined through a mesh convergence test, totalizing 5,070 triangular elements, as shown in Fig. 5, which also 
presents the result obtained by Carrijo et al. (1999). From the Fig. 5 it is possible to notice an error of 4.58% for the central 
deflection of Uz = 6.505 mm, comparing the present study and the experimental result (that showed a value of 6.220 mm), 
validating the computational model. 
 

 

Fig. 5. Computational model validation. 

3. Constructal Design Method (CDM) 

      The geometric forms that occur in nature are flow systems governed by a physical principle, the Constructal Law. This 
physical law states that “For a finite-size system to persist in time (to live), it must evolve in such a way that it provides easier 
access to the imposed (global) currents that flow through it” (Bejan & Zane 2012). The CDM is the application of the 
Constructal Law in practical situations, based on restrictions and performance indicators. The performance of a system 
contains inherent restrictions, which may include the space allocated to the system, available material and components, 
allowable temperature, pressure or stress ranges. Once defined the restrictions and the performance indicators of a system, 
certain parameters and geometries are varied aiming to evaluate their influence on the performance indicator. In addition, if 
an optimization method is associated with the CDM, it is possible to identify the optimized configuration in such a way that 
the flow architecture achieves the best possible performance (Reis, 2006, Dos Santos et al., 2017). There are a large number 
of studies applying the CDM in heat transfer and fluid mechanics engineering problems. However, its application in structural 
engineering problems is viable in a similar way, as presented by Bejan and Lorente (2008), Lorente et al. (2010), and Isoldi 
et al. (2013) and recently scientifically proved by De Silveira et al. (2021). According to Bejan and Lorente (2008) the 
approach regarding structural problems is possible once in this kind of situation the flow is related to the flow of stresses. In 
this case, the optimal geometric configuration is one that presents a better distribution of the imperfections, i.e., a better 
distribution of the regions submitted to the allowable stress of the material. This is just possible when there is a better 
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distribution of the flow of stresses throughout the entire structure. Aiming to improve the structural performance of plates, 
studies applying the CDM associate to Exhaustive Search (ES) technique have been published dealing with: buckling of 
perforated plates (Helbig et al. 2018; and Da Silva et al. 2019); buckling of stiffened steel plates (Lima et al., 2018 and 2020), 
and bending of stiffened steel plates (Cunha et al., 2018; De Queiroz et al., 2019; Amaral et al., 2019; Pinto et al., 2019; 
Troina et al., 2020; Nogueira et al., 2021). 
 
      In the present study, the application of the CDM consists in a geometrical analysis of stiffened plates under bending. For 
that, a non-stiffened plate with length a = 2000 mm, width b = 1000 mm and thickness t = 20 mm was taken as reference. 
Then, maintaining the total volume of material constant, as well as, a = 2000 mm, b = 1000 mm, a steel portion of the reference 
plate was entirely removed from its thickness and transformed into stiffeners through 𝜙 parameter, which represents the ratio 
between the steel volume of stiffeners and the steel volume of the reference plate. A value of 𝜙 = 0.3 was adopted, i.e., 30% 
of the material from the reference plate was transformed into stiffeners. Thus, the thickness of the reference plate t = 20 mm 
becomes tp = 14 mm. A total of 75 stiffened plates were analyzed, being: i) 25 with rectangular stiffeners oriented at 0°; ii) 25 
with rectangular stiffeners oriented at 45°; iii) 25 with trapezoidal oriented at 0°. The equation that represents the volume 
fraction 𝜙 for the plates with rectangular stiffeners oriented at 0° was defined by:  

𝜙 ൌ Vs

Vr
ൌ nsxሺ ahstsሻ ൅ nsyሾሺbെ nsxtsሻhstsሿ

abt
 (1) 

For the plates with rectangular stiffeners oriented at 45° , 𝜙 can be expressed by: 
 𝜙 ൌ Vs

Vr
ൌ෌ ሾሺd1 ൅ d2 ൅ d3…dnሻhstsሿ െ ሺninthsts²

n
dୀ1 ሻ

abt
 

 
(2) 

and finally, for the plates with trapezoidal stiffeners oriented at 0°, 𝜙 is given as:  
 𝜙 =

Vs

Vr
= ቄnsx ቂሺa + cሻhsts

2
ቃ+ nsy ቂሺb + dሻhsts

2
ቃቅ െ  Vint

abt
 

(3) 

where Vs is the volume of the stiffeners and Vr is the volume of the reference plate. The length, width and thickness of the 
reference plate are, respectively, a, b and t; hs and ts are the height and thickness of stiffeners, respectively. As well nsx and nsy 
are the number of stiffeners in x and y directions. Exclusively for the Eq. (2), the parameters d1, d2, d3,…dn represents the 
stiffeners length, n is the total number of stiffeners and nint  is the number of intersections. Lastly regarding the Eq. (3), c and 
d are the smaller bases length of the trapezoidal stiffeners in x and y directions, fixed in 1000 mm and 500 mm, respectively; 
and Vint is the stiffeners intersection volume. All of these mentioned parameters can be seen in Fig. 6, which also presents a 
flowchart with all arrangements analyzed in this study. 

 
Fig. 6. (a) Plate P(3,3); b P'(3,2); (c) PT(6,3); and (d) analyzed stiffened plate arrangements 
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       It is important to highlight that, ts was set as 19.21 mm (referent to the commercial size of 3/4”) for all analyzed cases 
and the stiffener’s high hs is variable as the number of stiffeners change, due to the CDM restriction on keeping the total 
volume of material constant. As well as, the performance indicator defined according to the CDM application is the maximum 
transverse (out-of-plane) deflection, and the goal is its minimization. Regarding the stiffeners directions, for the rectangular 
and trapezoidal configurations oriented at 0°, the traditional coordinate system with x, y and z was used (see Fig. 6 (a) and 
(c)), while for the configurations with stiffeners oriented at 45°, an auxiliary coordinate system x’, y’, z’ was established (see 
Fig. 6(b)). Thus, the nomenclature P(nsx,nsy) and PT(nsx,nsy) for plates with rectangular and trapezoidal stiffeners, respectively, 
oriented at 0°, was adopted; in which nsx and nsy are the numbers of stiffeners in x and y directions. However, for the plates 
with rectangular stiffeners oriented at 45°, the format P’(nsx’,nsy’) was employed and nsx’ and nsy’ are the number of stiffeners 
in x’ and y’ directions. 

 
4. Results and Discussion 

       All analyzed plates were simulated using the triangular version of the finite element SHELL281 and were subjected to a 
uniform transverse loading of 10 kPa with boundary conditions of simply supported edges. The material adopted was the 
structural steel A-36 with an elastic modulus of 200 GPa and Poisson ratio of 0.3. Prior, a mesh convergence test was 
performed in order to determine the suitable size of the finite elements that would be used in all numerical simulations. To do 
so, the plate with more complex geometry P’(6,6) with hs = 49.495 mm was adopted.  A total of 6 different meshes densities 
were analyzed, in each one of them, the size of the finite elements was successively reduced. The result of the mesh 
convergence test can be observed in Table 1. According to Table 1, from the mesh M3 the values for the maximum deflection 
were stabilized, being the mesh M3 with finite element size of 25 mm adopted for the numerical simulations performed in the 
present study.  
 
Table 1. Mesh convergence test 

 

      The results of the all analyzed stiffened plates, concerning the maximum deflection are presented in Fig.7. The bar graph 
format allows that the variation of the deflections magnitude be easily observed for the three different situations of stiffeners 
configurations. 

 
Fig. 7. Results for the maximum deflection of the stiffened plates: (a) Group A; (b) Group B; (c) Group C; (d) Group D; (e) 

Group E 

Mesh Size of the Finite Elements Number of Finite Elements   UzMax (mm)  
M1 100.00 1210 0.198 
M2 50.00 2730 0.199 
M3 25.00 9860 0.200 
M4 16.67 21460 0.200 
M5 12.50 38000 0.200 
M6 10.00 59230 0.200 
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      Taking into account that the maximum deflection of the non-stiffened reference plate is UzMax = 0.697 mm, from Fig. 7 it 
is possible to infer that transforming a portion of the reference plate material into stiffeners improves the mechanical behavior 
regarding the maximum deflection. Comparing the best result among all geometries, which was reached by the plate with 
trapezoidal stiffeners at 0° PT(2,3) with the reference plate, there was a reduction of 90.9% for the UzMax. Comparing the plate 
with trapezoidal stiffeners oriented at 0° PT(2,3), which presented the smallest deflection among all studied cases, with the 
rectangular plate with the same orientation P(2,3), a reduction in the deflection was 21.36%. However, in the comparison 
between the plates PT(2,3) and P'(2,3) with rectangular stiffeners at 45°, the plate with trapezoidal stiffeners at 0° PT(2,3) 
presented a maximum deflection 42.1% lower than the plate P'(2,3). The deflections distribution of these plates can be 
observed at Fig. 8, where it is possible to visualize the minimization of the maximum deflection presented by the plate PT(2,3) 
with trapezoidal stiffeners (Fig. 8(c)). 

 
Fig. 8. Transverse displacements distribution for plates: (a) P(2,3); (b) P’(2,3); and (c) PT(2,3). 

       One can note from Fig. 8, that the plate PT(2,3) (Fig. 8(c)) has the ability to promote a more uniform distribution for the 
out-of-plane displacements, which can be explained by the Constructal Principle of Optimal Distribution of Imperfections. 
So, considering in this study the deflections as the imperfections of the physical system, the best geometric configuration is 
the one which distributes these imperfections in a more homogeneous way. This trend was already observed in previous works 
of structural engineering, as in Da Silva et al. (2019), Lima et al. (2020) and Silveira et al. (2021). Still analyzing the results 
of Fig. 7 and concerning the percentage differences related to maximum deflection among all studied configurations of 
trapezoidal and rectangular stiffeners at 0°, the major difference occurred between the plates PT(5,6) and P(5,6), where the 
plate with trapezoidal stiffeners showed a reduction of 33.86% in the maximum deflection. Moreover, comparing plates with 
trapezoidal stiffeners at 0° and rectangular stiffeners at 45° regarding the percentage differences of the maximum deflection, 
the larger difference was found between the plates PT(6,2) and P'(6,2), where the plate with rectangular stiffeners at 45° 
presented a maximum deflection 47.70% lower than the plate with trapezoidal stiffeners at 0°. 
 
      In its turn, regarding to maximum deflection percentage differences, the main difference between plates with rectangular 
stiffeners oriented at 0° and rectangular stiffeners at 45° was for the plates P(6,2) and P'(6,2), being the maximum deflection 
presented by P'(6,2) 62.95% smaller than the occurred in P(6,2).  
 
      It was also noted in Fig. 7 that the maximum deflections tend to be larger as the number of stiffeners increases, for instance 
the Groups D and E. This can be explained due to the main restriction of the problem (keeping the total volume of material 
constant): the greater the number of stiffeners, the smaller its height hs, decreasing the moment of inertia of the stiffeners cross 
section and the rigidity of the plates, consequently increasing the deflections. Generally, it was observed from Fig. 7 that all 
results for the plates with trapezoidal stiffeners oriented at 0° presented smaller maximum deflections when compared with 
the results presented by the plates with rectangular stiffeners oriented at 0°. However, when comparing the plates with 
trapezoidal stiffeners at 0° with the plates with rectangular stiffeners at 45°, the results were better for the plates with 
trapezoidal stiffeners at 0° only for the geometries within the Groups A and B. Moreover, excluding Group A, all the plates 
with rectangular stiffeners at 45° performed better in comparison with the plates with rectangular stiffeners at 0° concerning 
the maximum deflection.  
 
5. Conclusion 
 
     Keeping constant the material volume, it can be concluded that transforming a portion of the non-stiffened plate material 
into stiffeners substantially improves the mechanical behavior by the reduction of the maximum deflection.  Among the 
proposed stiffened plates the best geometric configuration, i.e., the geometry that minimizes the maximum deflection is the 
plate PT(2,3), achieving a reduction higher than 90% in comparison with the reference plate.  In addition, the plates with 
trapezoidal stiffeners at 0° proved to be more efficient for the reduction of the maximum deflection than the plates with 
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rectangular stiffeners also oriented at 0°.  However, for the majority of the analyzed geometric configurations, the plates with 
rectangular stiffeners oriented at 45° presented the best mechanical behavior with respect to the reduction in the maximum 
deflection when compared to the plates with trapezoidal and rectangular stiffeners at 0°.  Thus, the application of the CDM 
associated with numerical models developed by means of the FEM and the ES technique can lead to great results regarding 
the mechanical behavior of stiffened plates. As suggestion for future researches, it is possible to investigate other geometric 
configurations of the stiffened plates (e.g. plates with trapezoidal stiffeners oriented at 45°) as well as other values of stiffeners 
volume fraction 𝜙. In addition, other performance parameters can be adopted, such as the minimization of the maximum 
stress; and even a multi-objective investigation considering concomitantly the minimization of the maximum deflection and 
the maximum stress. 
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